Abstract-The trend of community mining has some related research areas such as clustering analysis, classification and link prediction. Identifying community cores of the multi-relational network has become essential in social network analysis in many purposes. Most of the papers are discussed on the community mining assume that there is only one kind of relation in the network and the mining results are independent of the users' needs or preferences. However, in reality, multiple relationships or heterogeneous social networks are activated in community. The identification of closely connected cores in the multi-relational network is presented in this paper. The efficient intersection-based algorithm is applied for finding community cores in the multi-relational citation network. Synthetic dataset and Citeseer X data set are used in this experiment of the community core identification. Graph nodes represent individual papers of of Citeseer X data set which are linked by three types of relationships: citation attribute, co-citation attribute and active bibliography attribute. Complexity and performance analysis are discussed in the experiment section.
I. INTRODUCTION
Social network is created by a graph, where a node represent social network user and an edge between nodes indicates that a direct relationship between the social network users. Social network can be viewed that there be related with various relationships between users, such as friendships, business relationships, and common interest relationships. Different relations have different meanings and can be modeled by different graphs. These types of network are also known as multi-relational network in community mining research field. The profits of each tie in social network efficiently provide in community analysis, so identification of community core is not only fundamental but also essential for multi-relational networks.
In addition, graph mining methods naturally divides the network of interest into sub-graphs or sub-clusters and the analysis point of view is to investigate those groups for intended purposes. Most of the early works on graph partition methods were intended to clusters the corresponding graph into disjoint or non-overlapping communities [7, 9] . However, to identify well-defined communities in graph clustering, it is realized that an individual object may belong to multiple communities at the same time, and is likely to have more relationships to other objects outside of its community than inside. For example, in a student social network, a node becomes an individual student and the relationships between the students become a set of edges, such as same interest of study, interest and hobby, native city or country, religions and culture, etc.
For the point of view of discovering overlapping communities, many methods have also been proposed in the literature. Unfortunately, they have the limitations in the knowledge of global network topology, strict parameters to be processed and the time consuming for large scale networks [8] . These limitations point out that the requirement of efficient algorithm for finding community cores in large and complex network with reasonable time complexity. In this paper, the identification of closely connected cores in the multi-relational network is presented. Our previous efficient intersection-based algorithm is applied for finding community cores in the multi-relational citation network. In our experiment, the synthetic data set and Citeseer X data set are used and complexity analysis and performance analysis are discussed.
The paper is organized as follows. The graph clustering of social network as well as the identification of core structures in different types of networks are presented in section 2. In Section 3, graph clustering in multi-relational network is discussed in accordance with the theoretical foundation. Experimental results are presented in Section 4. Section 5 presents the complexity analysis and performance analysis with our data sets. Finally, Section 6 concludes the paper and expresses the future research avenues.
II. RELATED WORK
A social network is modeled by a graph, where the nodes represent individuals, and edges connect these individuals. Most of the existing methods on community mining assume that there is only one kind of relation in the networks, and the mining results are independent of the users' needs or preferences. In reality, there exist multiple, heterogeneous social networks, each representing a particular kind of relationship is participate a distinct role in a particular task. Multi-relational networks or multiple edge types or heterogeneous networks have been discussed in [1] [2] [3] [4] [5] .
In the area of heterogeneous graph clustering, the extraction of the most relevant attributes by applying relational mining techniques. And then, a combined relation for investigation the closely connected cluster is presented by Cai et al. [1] [4].
Rodriguez and a Shinavier [5] studied a path algebra mapping multi-relational networks to single-relational networks and then exposing single-relational network analysis algorithms to find the communities.
Finding core structures in various types of networks are also discussed in [11] [12] [13] [14] . The idea of identifying a champion of a community by using (α, ) Community algorithm is proposed in [11] . For Autonomous Systems in Internet, the discovery of central dense-core in end-to-end routes is implemented by introducing a randomized sublinear algorithm in [12] . The analysis of the virtual communities in Douban.com, a Chinese web site is used and the optimization of the user interests' concentration ratio in user groups is also described in [13] .
In multi-relational network, individual objects are sharing different types of information based on the linkage between them. The importance of an attribute in edge definition is depended on the personal choice. Some consider the attributes x and y is more valuable while some be z. In this paper, we simple investigate each edge type shaping to each layer random graph. Then, separate communities are identified by the Louvain method [6] and extract the dense interconnections from each layer clusters.
III. GRAPH CLUSTERING IN MULTI-RELATIONAL NETWORK
A graph G is a pair of sets G = (V, E). V is the set of vertices and the number of vertices n = |V| is the order of the graph. The set E contains the edges of the graph. In an undirected graph, each edge is an unordered pair {v, w}. In a directed graph (also called a digraph in much literature), edges are ordered pairs. The vertices v and w are called the endpoints of the edge. The edge count |E| = m is the size of the graph. In a weighted graph, a weight function ω : E → R is defined that assigns a weight on each edge. In this paper, we apply the type of undirected graph for finding community cores.
The process of identifying the data which has heterogeneous structure in terms of grouping the data elements is known as clustering. Graphs are structures formed by a set of vertices also called nodes and a set of edges that are connections between pairs of vertices. Graph clustering is the task of grouping the vertices of the graph into clusters taking into consideration the edge structure of the graph in such a way that there should be many edges within each cluster. In short, it is the job of finding sets of "related" vertices in graphs.
Graph clustering has attracted increasing attention with the popular of the social network analysis.
Most techniques for graph clustering and community identification are based on a homogenous graph, that is, it is assumed only one kind of relationship exists between the objects. Different users may be interested in different relations within the social networks. Community core identification is the important role in the multi-relational network but there is some issues of multi-relational community mining such as the mining of hidden communities on heterogeneous social networks.
IV. EXPERIMENTAL RESULTS NITS
Synthetic data set and Citeseer X data set are clustered and community cores are identified in this experiment.
Synthetic Data Set
In our experiment with synthetic data set, we generate the three-layered synthetic network with 25 nodes (the label: A to Y). The number edges for each layered is 74, 105 and 121 respectively.
In fig.1 , the sub-clusters from the first-layered network are mentioned by color separation with modularity values 0.513 at standard resolution limit of the Louvain method 1.0. These sub-clusters are C 11 = {A, B, C, P, Q, U}, C 12 = {D, E, F, G, V, W, X}, C 13 = {H, I, J, K, T, Y} and C 14 = {L, M, N, O, R, S} respectively.
Similar to the first-layered network, the sub-clusters of second-layered and third-layered are also mentioned by color separation with modularity values 0.349 and 0.278 at standard resolution limit of the Louvain method 1.0. These sub-clusters are shown in fig. 2 and fig. 3 . 
. Clustering Second-layered Graph
In the resulted sub-clusters, there are two distinguished form of vertices: (1) some are in same sub-clusters for some type of edge definition, but not all (E.g. A B C) and (2) some are in same sub-clusters for all layers of graph (E.g. D E F, G W), this means that these vertices are densely connected community cores in multi-layered consideration. In order to get these community cores, we apply the following approach which is mainly based on the layered-by-layered intersection of the sub-clusters. For the case of a sub-cluster, as the first running, this subcluster is performed the intersection of all the sub-clusters from second-layered and third-layered. Then, individual nodes and null values are discarded for the absent of edge relationships. This process is repeated iteratively for all the sub-clusters. Finally, we get the vertices which are densely connected community cores in all layers of the heterogeneous network. The two community cores extracted from all three layers are shown in fig.4 .
Citeseer X Data Set
Citeseer X is a scientific literature digital library and search engine that focuses primarily on the literature in computer and information science. Citeseer X aims to improve the dissemination of scientific literature and to provide improvements in functionality, usability, availability, cost, efficiency, comprehensiveness, and timeliness in the access of scientific and scholarly knowledge. Rather than creating just another digital library, Citeseer X attempts to provide resources such as algorithms, data, metadata, services, techniques, and software that can be used to promote other digital libraries. Citeseer X has developed new methods and algorithms to index PostScript and PDF research articles on the Web. Fig.5(a) . Citation Graph Fig.5(b) . Citation Sub-clusters Graph Fig.6(a) . Co-citation Graph Fig.6(b) . Co-citation Sub-clusters Graph Fig.7(a) . Active Bibliography Graph Fig.7(b) . Active Bibliography Sub-clusters Graph
For a network of Citeseer X , same vertices with different meanings of edges are used in this implementation. Citation graph is constructed with a reference to a published or unpublished source according to the original Citeseer X citation links. Co-citation graph is also constructed that two documents are co-cited if they are both independently cited by one or more document. Active bibliography graph is constructed that tow documents are bibliographically coupled if they both cite one or more documents in common.
These three graphs are input in our implementation. Community finding or node clustering in graph mining is applying the Gephi Toolkit which is completely implemented the modularity-based Louvain method. To get the community cores, our proposed efficient dense nodes clustering algorithm was described in previous paper. However, standard benchmark data sets are only available for single edge definition in homogenous complex network.
V. EVALUATIONS

Complexity Analysis
The complexity of the Louvain method for clustering the dataset of one attribute is O(N log N) where n 1 is no. of communities for Attribute 1, n2 is no. of communities for Attribute 2 , n3 is no. of communities for Attribute 3 and k is no. of attributes. The community core generation function is executed in 3 times for identifying dense nodes in all layers.
For 1st time, if (n1>n2) then n1*(O(n12)+ O(n22)), otherwise n2*(O(n12)+ O(n22)) where O(n2) is the time complexity of Sort() function.
Similarly, 2nd time and 3rd time function calling assume that n is the maximum number of communities from 3 types of attributes.
The complexity of k times community core finding function calling is k *O(n2). Thus, the total time complexity is
Whenever the number of nodes and edges are increasing, the complexity of proposed finding community core algorithm is not increased. This is because the algorithm only depends on the number of attributes to be clustered and not depend on the number of nodes and edges.
Performance Analysis
Citeseer X data set which has the database of research papers in computer and information science field is used for community core identification. Therefore, the resulting community cores are representing the scientific documents. The intra-inner cluster quality for document similarity can be measured by the well-known cosine similarity method. The
main idea is that papers in same core have higher similarity values than that of other cores.
Thus, keywords are extracted from title and abstract of all core papers, stop words are removed, the frequency of keywords in all core papers are counted and then cosine similarity is measured.
According to the analytical results, the resulting core_1 is including the area of the Latent Semantic Analysis in Web Mining as shown in fig.8 . They form one of the bipartite subgraphs in Citeseer X data set which is created by three types of relationships: citation, co-citation and active bibliography. The intra-inner cluster quality is measured by the cosine similarity. The experiment shows the similarity values of inner cluster that is significantly higher than that of the paper in the intra clusters.
In fig.9 , the resulting core_2 is presenting the theory of the Markov Chain in graphs. In fig.10 , the resulting core_3 is the area of the document classification in Web Content Mining. In fig.11 , the resulting core_4 is the area of software architecture. In fig.12 , the resulting core_5 is the area of the independent component analysis in data analysis field. These two papers are closely related each other because independent subspace analysis is the extension of the independent component analysis for neural network area. In fig.13 , the resulting core_6 is the area of text categorization in Web Content Mining.
VI. CONCLUSION
This paper studies the problem of mining community cores in heterogeneous complex network. By exploiting the modularity-based Louvain method, this system finds all the sub-clusters in a set of homogeneous graphs. The efficient dense node clustering algorithm is mainly based on the intersection method in order to get the community cores in heterogeneous complex network. Due to this method, more and more edge definitions tend to be null result. It is important to choose the most relevant edge definitions to be applied.
If the heterogeneous network has a plenty of edge definitions, a suitable method is required to do the best set of edges in order to get the high quality of community cores.
Instead of applying the modularity-based Louvain method for homogeneous graphs, the proposed system can be experimented by other graph clustering methods, such as kclique. As the case-study, the proposed system can be experimented on other application domains, such as social network. The performance of proposed system can be measured by other methods, such as the Rand index, mutual information, the Dunn index.
